Life expectancy, that is the mean age at death in a life table, is the most common measure used to describe and compare mortality distributions. Alternatives to life expectancy that have been proposed so far have also referred to only a single parameter of the mortality distribution. We propose to study mortality distributions by applying Silber's concept of the Equivalent Length of Life (ELL), which enables comparisons based on up to three parameters of age-at-death distributions: life expectancy, dispersion and skewness. The method, and our decomposition, is used to study convergence/divergence of life-table age-at-death distributions across 35 developed countries of the Human Mortality Database in 1970-2010 and to assess the contribution of the three moments of the distribution to the total differences between countries and trends in the contribution. We observed a divergence of age-at-death distributions across the study countries from 1970 to 2005, followed by a convergence. Differences in life expectancies contributed the most to inequalities between the countries in life-table age-at-death distributions and the observed changes over time for both sexes. An additional important contribution resulted from the growing negative covariance between life expectancy and dispersion of ages at death, indicating that the largest increase in life expectancy occurred in the countries where variation in ages at death was lowest, especially among women. For men, including the skewness parameter resulted in lower differences between countries. The ELL and its decomposition thus have clear added value for studying differences between countries and convergence/divergence of age-at-death distributions.
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The concept of the Equivalent Length of Life for quantifying differences in age-at-death distributions across countries 
Introduction
Demographic studies on the determinants of mortality rely on methods of quantifying differences in mortality between regions or populations and over time. By comparing mortality across countries and over time, demographers ask how these differences are determined by unequal allocation of resources, other ecological factors or behavioural differences (Asada 2006) . In the demographic literature, the majority of comparisons of population health are based on life expectancy at birth. This is the most common indicator of changes in survival over calendar time (e.g. Oeppen and Vaupel 2002; White 2002) , and forms the basis for discussion of differences in population health across countries (e.g. Goesling and Firebaugh 2004; Moser et al. 2005 ) and across subgroups of the population, such as socio-economic disparities in mortality and health (e.g. Mackenbach et al. 1997 , Mackenbach et al. 2003 or Kunst et al. 2004 ).
While life expectancy at birth provides a useful summary of mortality across all age groups, it refers to only one moment of mortality distributions, that is the mean age at death in a stationary population. There is a growing agreement in the demographic literature that discussion of differences in population health across various groups and over time should be based also on other measures of mortality distributions, and not only life expectancy. An example of such an additional measure is the modal age at death (the age at which most deaths occur), studied already by Lexis (1878) and more recently by Cheung et al. (2005) , Canudas-Romo (2010) and Thatcher et al. (2010) . There are also studies that focus on the dispersion of ages at death as an additional measure of the ageat-death distribution, using indicators such as variance, Theil and Gini indices and e †, and compare their values across countries (Edwards and Tuljapurkar 2005; Tuljapurkar and Edwards 2011; Vaupel et al. 2011) . Measures of inequality of ages at death are introduced into mortality studies to discuss two concepts: uncertainty of age at death and life span at the individual level (see, among others, Edwards (2013) for an extensive overview), and mortality compression (declining variability of age at dying) or expansion (increasing variability of age at dying) (i.e. Wilmoth and Horiuchi 1999) .
Mostly, however, the aforementioned measures of mortality distributions are applied to compare mortality distributions across populations, once again basing on a single moment. And therefore, the problem that these distributions are generally identifiable based on a minimum of two parameters is not addressed in these studies (i.e. approximated by a normal distribution that is identified by two parameters).
To our knowledge, only four studies so far have taken into account more than one moment of the age-at-death distributions when examining differences in distributions of ages at death across a group of countries. Smits and Monden (2009) calculated Theil and Gini indices for the distribution of ages at death to study length of life inequality for the whole world. The Theil index of world inequality in ages at death was further decomposed to within-and between-country inequalities. Similarly, Edwards (2011) studied global inequality in length of life based on standard deviation, interquartile range, Gini coefficient and Theil index, and discussed the results of the decomposition of the variance and the Theil index into within-and between-country contributions to inequality in life durations. None of the two aforementioned works, however, studied differences between countries in the variation in the life span per se, since the withincountry component of the total variation is simply a sum of variations within single countries and hence does not facilitate comparisons of this statistic across countries.
Next, the study of Edwards and Tuljapurkar (2005) applied the Kullback-Leibler measure of divergence to quantify similarities in age-at-death distributions between countries and study their developments over calendar time. A limitation of this study was that the baseline distribution for comparison was that of Sweden in 2002, and it can be demonstrated that the convergence of age-at-death distributions of a country with the Swedish distribution does not necessarily guarantee the convergence of the age-at-death distributions between those countries. In the recent study by d ' Albis et al. (2014) , the problem of a benchmark distribution was solved by comparing the age-at-death distribution of each of the countries with the average for a given year. D ' Albis et al. (2014) studied convergence in mortality distributions across developed countries in the years 1960-2008 by applying an index of disparity that was constructed as a sum of the results of Kullback-Leibler inequalities for single countries; total inequalities were studied separately for Eastern and for Western European countries. Unlike in the study of Edwards and Tuljapurkar (2005) , however, the total convergence/divergence, as measured by the Kullback-Leibler index, was not further decomposed to study the contribution of the mean and variance of the distributions; instead they were studied and discussed separately.
The comprehensive study of distributions of ages at death across countries and over time, by means of the three moments of the distributions, is still lacking. Such a study, however, would provide us with the answer to the question what the similarities/ dissimilarities of age-at-death distributions between countries and over calendar time constitute of, or phrased differently, what is the contribution of differences in life expectancy, differences in dispersion of ages at death and differences in asymmetry of the distribution to the between-country variation and convergence/divergence of the distributions over time. To answer these questions, the development of a new method is essential.
In the present study, we propose to use the concept of the Equivalent Length of Life (ELL) by Silber (1983) to comprehensively compare distributions of ages at death across countries and over time. Apart from having a meaningful demographic interpretation, as "…length of life which, if being identical for all individuals, would give the same social welfare as the actual distribution of deaths by age." (Silber 1983, p.21) , the ELL summarizes mortality distributions in a single indicator but takes into account up to three moments: mean, variance and skewness. We also demonstrate that the total variation between countries in age-at-death distributions, quantified by the variance of the ELL, can be easily decomposed into the contribution of differences between the means, standard deviations and skewness parameters of the age-at-death distribution in individual countries. Hence, by applying the concept of the ELL a full picture of similarities/dissimilarities of age-at-death distributions between countries and over calendar time can be obtained. Moreover, for the first time, it will be possible to assess the contribution of differences in life expectancy, differences in dispersion of ages at death and in asymmetry to the between-country variation and convergence/divergence of the distributions over time.
In the empirical part of the study, we demonstrate the added value of the proposed method by studying convergence/divergence of life-table age-at-death distributions across the countries of the Human Mortality Database (2014) in the years 1970-2010, and assess the contribution of the three moments of the distribution to the total differences between countries and its trends over the study years.
Method

The concept of Equivalent Length of Life
The concept of the Equivalent Length of Life (ELL) was introduced by Silber (1983) as a development indicator, based on concepts by Atkinson (1970) and Kolm (1976a, b) , and measures "…length of life which, if being identical for all individuals, would give the same social welfare as the actual distribution of deaths by age." (Silber 1983, p.21) . Thus, the formula for the ELL is derived from the Social Welfare Function concept as:
where I stands for any inequality index and e 0 for life expectancy. Please note that this formula, and similarly the subsequent formulas, can be applied to different times and different countries. For simplicity reasons, we however did not add subscripts to the formulas.
When writing the formula for the ELL, one has to decide on a scale invariance of I: that is, the response of the statistic to proportional and absolute equal change in lifetime durations in the life table. In this paper, we focus on measures based on variance, and therefore in the above formula, we apply the coefficient of variation as the inequality index. According to Silber (1983) , one more choice needs to be made concerning the statistic under study. One should decide whether to give equal weight to differences in length of life at all ages, or whether the weights are different, for example for younger age groups. As our main research question concerns differences in the distributions of ages at death and we do not intend to place any normative judgment on those differences, we decided to give equal weight to deaths at all ages under study.
When the coefficient of variation is employed as an inequality measure, ELL reduces to:
where SD stands for the standard deviation, or disparity, of life-table ages at death. As a result, the new index, e C , where the mean duration of life e 0 is discounted for the dispersion of ages at death, enables comparisons between populations that take into account both life expectancy and disparity of ages at death.
Furthermore, following Silber (1988) , we take into account asymmetry of the distribution of ages at death in a modified index e A , defined in this case as:
where A is a measure of asymmetry. Hence, e A adjusts life expectancy for both dispersion and skewness of the age-at-death distribution.
As the asymmetry measure A, we use the relative Asymmetry Index proposed by Berrebi and Silber (1987) and then applied to the modified ELL by Silber (1988) :
where SD is the standard deviation of ages at death of the whole distribution, SD U is the standard deviation of ages at death of those who live longer than the median age at death and SD L stands for the standard deviation in ages at death of those who live fewer years than the median age at death. By adjusting the index of e C also for asymmetry of the distributions, we add information on the quantile of the distribution at which the dispersion mostly occurs. As a result, with relatively stable variation of ages at death for short-lived individuals in developed countries, the inclusion of the skewness parameter in the ELL summary measure means adding information about the level of variability of mortality among the longest-lived individuals. In practice, the adjustment for asymmetry of the distribution applies to the element of the ELL that refers to uncertainty of ages of death. In developed countries, the uncertainty attributed to inequality of ages at death occurs mostly for the shortest-lived 50 % of individuals, SD L > SD U and the distribution is skewed to the left. Given the same level of variation for short-lived individuals, the lower the variability or the higher the compression of ages at death among long-lived individuals, the lower the value of SD U and the more left-skewed the distribution, resulting in a smaller correction of life expectancy for the uncertainty in the ELL summary measure. As a result, the more uncertainty is concentrated among the longestlived individuals, the closer the value of e A is to e 0 .
Decomposition
Differences in the value of the ELL across developed countries can be quantified with variance (S 2 ). In addition, the total variance of the ELL distribution (either e C or e A )
can be decomposed into the variance of its components and their covariance. For e C , the total variance can be decomposed into its components (life expectancy and disparity of ages at death) and their covariance, according to a formula that is derived from a simple decomposition of the variance of the sum of two variables:
The first term stands for differences in life expectancies as measured by the variation in e 0 and the second term stands for differences in dispersion parameters as measured by the variation in SD. The third term indicates the covariance between e 0 and SD across the group of countries under study. For example, negative covariance would indicate that countries with high life expectancy are also characterized by low dispersion of ages at death. In a study of changes over time in the variance in e C in a group of countries, the contribution of changes in life expectancy and of changes in the dispersion of ages at death (compression when dispersion is declining, expansion when dispersion is increasing) can be assessed accordingly.
When differences in the value of e A across developed countries are quantified with variance, e A reduces to:
where
Variance in e A can be decomposed into the following elements:
The first three elements stand for variance in the three parameters of the distribution (life expectancy, disparity, skewness), and the next three elements indicate covariance between each pair of the parameters. The three covariance elements may be used to answer additional important research questions. Is high life expectancy achieved at low disparity of ages at death, because all individuals are long-lived, or does the high life expectancy result from high skewedness, that is extended life durations of a small group of long-lived individuals? Does high dispersion of ages at death result from large differences (=decompression) of mortality at old age, or large differences among shortlived individuals? And, when applied to analysis of data over time, what is the relationship between increases in life expectancy and less dispersion (=compression) of mortality among long-lived individuals?
Empirical application
The methods proposed above are applied to study differences in mortality and age-atdeath distributions, and their convergence/divergence in developed countries over the years 1970-2010, separately for males and females. Data used in the empirical part of the study come from the Human Mortality Database (2014). Out of the 38 countries present in the database, Chile, Israel and Slovenia were excluded due to the short time period covered by the database for those countries. For the remaining 35, we estimated the statistics in the common period covered, that is between 1970 and 2010 (or the last year available, but not earlier than 2008).
As was the case in the previous studies of differences in age-at-death distributions (Edwards 2011; Edwards and Tuljapurkar 2005; Smits and Monden 2009), we eliminated differences in infant and childhood mortality, studying truncated distributions of the length of life above the age of completed 10 years. From life tables of individual countries, we estimated the value of the expected number of years lived for those aged 10 (e 10 ); the other statistics for the Equivalent Length of Life (e C and e A ) are also based on this limited age range.
Empirical results
In 2010, the average life expectancy at age 10 (e 10 ) for women in the 35 selected countries was 71.6 years, with an average dispersion of the life-table age-at-death distribution (SD) of 12.6 years, resulting in an average e C of 59.0 years, and an average skewness of the lifetable age-at-death distribution (A) of −0.29, resulting in an average e A of 55.3 (Table 1) . For women, the variance (S 2 ) across the 35 countries proved to be the highest for the ageat-death statistic e A (11.8), that is when taking into account all the three moments of the age-at-death distribution (mean, dispersion, skewness). Compared to women, the average e 10 for men in 2010 is lower (65.3), but dispersion of ages of death (SD) is higher (14.3), leading to a lower average e C (51.0) and e A (47.5) ( Table 1 ). The variance between the countries in the summary measures of age-at-death distributions is much higher for men than women. The highest variance for men is observed for e c (34.2).
For both men and women, the covariance between e 10 and SD in 2010 was negative, indicating that countries with higher life expectancy were also characterized by lower dispersion of ages at death. The relationship between skewness and dispersion on the one hand and skewness and the mean age at death (e 10 ) on the other hand depends on sex.
From 1970 to 2005, a divergence between the selected countries in age-at-death distributions was observed, indicated by an increase in the variance of the three summary measures (e 10 , e C , e A ) for both sexes, followed by a convergence (=declining variance) in the distributions between 2005 and 2010 (Table 1 and Fig. 1) .
The smallest change in variance in both periods was observed for the measure based only on the mean value, that is the expected number of years lived at age 10 (e 10 ). The largest increase in variance between 1970 and 2005 occured for women when the expected number of years lived were adjusted for both dispersion and skewness (e A ), whereas for men this occured for e C , which only involves adjustment for dispersion. The highest decline in variance over the next 5 years occurred in the expected number of years lived adjusted only for dispersion (e C ). Thus, not only did divergence and subsequent convergence occur in the mean value of the age-at-death distribution, this process was even more pronounced when distributions were additionally summarized by their dispersion and skewness. For HMD populations, we thus observe both divergence followed by convergence in the shape of the age-at-death distribution.
Interestingly, while for women differences between the variances in the three measures are small and the values of e C and e A are almost equal, for men they are large and grow over the study years. In general, distributions of ages at death for single countries are characterized by significantly bigger differences in the three moments of the distribution for males than for females. These differences are to a large extent the result of inclusion of Eastern European countries where, for men, substantially different values are observed than in the remaining countries: lower life expectancy, higher inequality of ages at death Notes: the table shows variance in statistics of the distribution of life-table ages at death above age 10; e 10 is the life expectancy at age 10; e C is the Equivalent Length of Life with e 10 adjusted for dispersion of ages at death above age 10; e A is the Equivalent Length of Life with e 10 adjusted for dispersion and skewness of ages at death above age 10; SD is the standard deviation; A and A' are the skewness statistics; cor stands for correlation. The statistics of the life-table age-at-death distribution above age 10 for the individual countries, by sex, and selected years, can be viewed from the Appendix (Table 3 and and lower negative skewness of the distributions (Appendix : Table 3 and Fig. 2 ). The low mean and relatively high variance of ages at death in Eastern Europe have been discussed in detail by D ' Albis et al. (2014) . The lower negative skewness we observed for Eastern European countries results mainly from a lower variability, or compression, of ages at death among the longest-lived 50 % of individuals than in the remaining countries. Table 2 shows the results of decomposing the total variance in e C and e A between the countries into their components. For both sexes, between-country differences in the mean age at death were the largest factor responsible for differences in the age-at-death distributions. That is, variance in the exped number of years lived (e 10 ) was the largest contributor to the variance in the two measures of the ELL: e C and e A . While for women the contribution of differences between mean values to the total variation decreased from 1990 onwards, for men, we observe an increase of this contribution over the study period.
The next factor important for the differences in the summary measures was the gap between countries with both high life expectancy and low dispersion of ages at death (e.g. Northern European countries) versus countries with both low life expectancy and high dispersion (e.g. Eastern Europe). That is, the second largest contribution to the total variance in e C and e A was of the covariance between e 10 and the standard deviation of ages at death (SD). As may be seen in Table 1 , the covariance between e 10 and SD was itself negative, which indicates that countries with higher life expectancy were also characterized by lower dispersion of ages at death. The gap between countries with higher life expectancy and lower dispersion of ages at death, and the countries with lower life expectancy and higher dispersion grew over the years , as indicated by the increasing negative correlation between the two measures shown in Table 1 . These growing differences between -table ages at death above age 10; e 10 is the life expectancy at age ten; e C is the Equivalent Length of Life with e 10 adjusted for dispersion of ages at death above age 10; e A is the Equivalent Length of Life with e 10 adjusted for dispersion and skewness of ages at death above age 10. Source: Authors' estimations based on Human Mortality Database (2014) countries resulted in an increasing relative contribution of this factor to the total variation in e C for women, but for men its relative contribution to e C remained comparatively stable despite an absolute level that was times higher.
At the same time, differences between countries in the age-at-death dispersion itself, as measured by SD, were small and of little and decreasing importance for the total differences between distributions. Similarly, the contribution of the variance in the skewness statistic (A') to the total differences in e A was small. For men, a large effect of asymmetry on the variance in e A was present since 1980 in the form of negative contribution of the covariance between e 0 and A' to the variance in e A . The relationship between the two measures was negative for males (Table 1) and increased until 2005. For women, the contribution of this element is negligible.
For men after 1980, the negative and high contributions of the covariance between mean and inequality as well as between mean and skewness to the differences between countries result from the existence of outliers (Eastern European countries), as Notes: the table shows variance in statistics of the distribution of life-table ages at death above age 10; e 10 is the life expectancy at age 10; e C is the Equivalent Length of Life with e 10 adjusted for dispersion of ages at death above age 10; e A is the Equivalent Length of Life with e 10 adjusted for dispersion and skewness of ages at death above age 10; SD is the standard deviation; A' is the skewness statistic; cov is covariance. Source: Authors' estimations based on Human Mortality Database (2014) a Or latest available year discussed above. The gap between age-at-death distributions of the Eastern European countries and the remaining countries also grew for males over the study years and hence resulted in the growing contribution of the two elements to the total inequality. For women, starting in the 1980s, only the covariance between mean and inequality was of importance to the total disparities in e C and e A . Like for men, this was the effect of outliers, that is Eastern European countries, which have relatively low mean and high dispersion of ages at death (Appendix : Table 3 and Fig. 2) . Unlike for males, distributions for women in these countries are characterized by a high level of negative skewness among the study group. Hence for women, Eastern European countries are characterized by a high compression of mortality for the longest-lived 50 % of individuals and most of the uncertainty of ages at death occurs for the short-lived individuals. The remaining female populations are characterized by relatively higher life expectancies, lower dispersion of ages of death, but also higher decompression (=expansion) of mortality for long-lived individuals.
Discussion
We demonstrated the usefulness of a set of measures for quantifying differences across countries in age-at-death distributions based on Silber's (1983) Index of Equivalent Length of Life (ELL). Applying the concept of the ELL allows life-table distributions of ages at death in individual countries to be quantified with a summary measure that takes into account, in addition to the mean (that is life expectancy), also the dispersion and skewness of the distributions. To measure the latter two, we applied indicators invariant to absolute equal change in the mortality distributions that are derived from the variance. Moreover, we demonstrated that differences between countries in the ELL-based summary measures can be quantified using variance, which is easily decomposed into the contribution of the differences in the mean, dispersion and asymmetry of the distribution of ages at death. Although other measures of disparity may be applied to derive inequalities of ages at death in life tables and between-country differences in the summary indices, we chose to use variance due to its aforementioned relatively easy decomposition into the contribution of the parameters to the total variation between countries.
Our empirical application of the proposed measures to mortality in 35 developed countries over the years 1970-2010 showed, for both sexes and independent of the three summary measures (e 10 , e C , e A ) of the age-at-death distributions applied, a divergence between countries in age-at-death distributions between 1970 and 2005, followed by a convergence in the years [2005] [2006] [2007] [2008] [2009] [2010] . While the divergence of distributions between 1970 and 2005 was also reported in the study of d ' Albis et al. (2014) , the convergence after 2005, despite being present in the figures, was not reported by the authors. It could well be that because the study period ended in 2008, the authors regarded the post-2005 trend as a random fluctuation from the diverging trend. However, our analysis clearly shows a trend reversal from divergence to convergence, which could reflect a new phase in the mortality transition.
For both sexes, between-country differences in the age-at-death distributions and their changes over time were the largest when both additional parameters of the distributions (after life expectancy) were taken into account in the summary indices of the ELL. While for women the variance in e A and e C showed fairly similar levels over time, for men, the two statistics varied significantly. Differences between the sexes in the compression/expansion of mortality have been observed before (e.g. Janssen, Rousson, Paccaud 2015) . Our results clearly suggest that for men it is actually essential to consider both dispersion and skewness in the summary measure of the age-at-death distributions when examining differences between countries.
When age-at-death distributions were summarized with the ELL (either by e C or e A ) and hence included more than one moment of the distribution, both differences in the mean and in the dispersion of life-table ages at death turned out to be important for the total variation between countries. Also the negative correlation between the two statistics proved important for the differences in the summary measures. This negative correlation between the two parameters, which indicates that countries with higher life expectancy were also characterized by lower dispersion of ages at death, was previously reported by Vaupel et al. (2011) and d ' Albis et al. (2014) .
Furthermore, the negative and high contribution of the covariance between mean and inequality and between mean and skewness to the differences between countries, observed for men since 1980, results from the existence of outliers. These outliers are countries of Eastern Europe, characterized by low mean, high dispersion and low skewness of ages at death. Ignoring skewness as one of the parameters summarizing the age-at-death distribution for males would therefore result in an underestimation of between-country differences among men in the countries and periods studied. For women, from the 1980s, only the covariance between mean and inequality was of importance to the total disparities in e C and e A . Like for men, for women, this is the effect of outliers, that is Eastern European countries, with relatively low mean and high dispersion of ages at death. Unlike for males, distributions for women in these countries are characterized by a high level of negative skewness among the study group. Hence, women in Eastern European countries are characterized by a high compression of mortality for the longest-lived 50 % of individuals and most of the uncertainty of ages at death occurs for the short-lived individuals. Women in the remaining countries have relatively higher life expectancies, lower dispersion of ages of death, but also higher expansion of mortality for long-lived individuals. The above clearly warrants the use of e A instead of e C to summarize variation between countries in the age-at-death distribution.
Conclusions
The empirical part of the study demonstrated that trends in the variation in the three summary measures of age-at-death distributions (e 10 , e C , e A ) follow the same pattern. In addition, in the study of differences between distributions and their convergence/divergence over calendar time, the largest contributing factor is changes in between-country variation in life expectancies. These results might suggest that it is sufficient to summarize distributions in this type of studies with a single parameter, that is life expectancy. However, additional insights emerged from the comparison of variation in life expectancy and the two summary measures that take into account dispersion and asymmetry of the distribution. The empirical study showed that the covariance between life expectancy and the dispersion of ages at death contributed substantially to total differences between countries and to their convergence. Furthermore, for men, an additional effect of the symmetry of the age-atdeath distribution showed, warranting the use of the ELL-type index that also includes the skewness parameter. The proposed measures, based on the ELL, and the decomposition thus generate additional conclusions on the importance of the three parameters of age-atdeath distributions for total differences between countries, and reveal the true extent of these differences. 
